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Abstract. In this paper, we develop a thorough analysis of the boundedness 
properties of the maximal operator for the Bochner-Riesz means related to 
the Fourier-Bessel expansions. For this operator, we study weighted and un- 
weighted inequalities in the spaces L p ((0, l),x 2v + 1 dx). Moreover, weak and 
restricted weak type inequalities are obtained for the critical values of p. As a 
consequence, we deduce the almost everywhere pointwise convergence of these 
means. 



J v {s.jx)J v (s k x)xdx = ~(J v +i(sj)) 2 5j >k , j,k = 1,2, 



1. Introduction and main results 
Let J„ be the Bessel function of order v. For v > — 1 we have that 

1 

2 ( 

where {sj}j>i denotes the sequence of successive positive zeros of J v . From the 
previous identity we can check that the system of functions 

(!) = tt^j ^ ~"Ju{ajX), j = 1,2,... 

is orthonormal and complete in L 2 ((0, 1), dfi v ), with dn v (x) = x 2v+1 dx (for the 
completeness, see |12]). Given a function / on (0, 1), its Fourier series associated 
with this system, named as Fourier-Bessel series, is defined by 

(2) /-V^-f/fe with aj(f)= f(y)Mv)dl*u(v)> 

provided the integral exists. When v = n/2 — 1, for n G N and n > 2, the functions 
ipj are the eigenfunctions of the radial Laplacian in the multidimensional ball B n . 
The eigenvalues are the elements of the sequence {s 2 }j>i- The Fourier-Bessel series 
corresponds with the radial case of the multidimensional Fourier-Bessel expansions 
analyzed in pQ. 

For each S > 0, we define the Bochner-Riesz means for Fourier-Bessel series as 

i>i V / + 
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where R > and (1 — s 2 )+ = max{l — s 2 , 0}. Bochner-Riesz means are a regular 
summation method used oftcnly in harmonic analysis. It is very common to analyze 
regular summation methods for Fourier series when the convergence of the partial 
sum fails. Cesaro means are other of the most usual summation methods. B. 
Muckenhoupt and D. W. Webb [14] give inequalities for Cesaro means of Laguerre 
polynomial series and for the supremum of these means with certain parameters 
and 1 < p < oo. For p = 1, they prove a weak type result. They also obtain similar 
estimates for Cesaro means of Hermite polynomial series and for the supremum 
of those means in [15] . An almost everywhere convergence result is obtained as a 
corollary in |14) and |15) . The result about Laguerre polynomials is an extension of a 
previous result in [18] . This kind of matters has been also studied by the first author 
and J. L. Varona in [7] for the Cesaro means of generalized Hermite expansions. 
The Cesaro means for Jacobi polynomials were analyzed by S. Chanillo and B. 
Muckenhoupt in [3 . The Bochner-Riesz means themselves have been analyzed for 
the Fourier transform and their boundedness properties in L p (M. n ) is an important 
unsolved problem for n > 2 (the case n = 2 is well understood, see [2]). 

The target of this paper is twofold. First we will analyze the almost everywhere 
(a. e.) convergence, for functions in L p ((0, 1), dfi v ), of the Bochner-Riesz means for 
Fourier-Bessel expansions. By the general theory [5] Ch. 2], to obtain this result 
we need to estimate the maximal operator 

B s {f,x) = sup \B s R (f,x)\, 

in the L P ((Q, 1), d\x v ) spaces. A deep analysis of the boundedness properties of this 
operator will be the second goal of our paper. This part of our work is strongly 
inspired by the results given in [3] for the Fourier- Jacobi expansions. 

Before giving our results we introduce some notation. Being po = and 

Pi = 2„+i-2S > we define 
(3) Po(S) = 



'l, 6 > v + 1/2 or - 1 < v < -1/2, 

^Po, 5 < v + 1/2 and v > -1/2, 

'00, S > v + 1/2 or - 1 < v < -1/2, 

Pi, S < v+ 1/2 and v > -1/2. 



Concerning to the a. e. convergence of the Bochner-Riesz means, our result 
reads as follows 

Theorem 1. Let v > — 1, 5 > 0, and 1 < p < 00. Then, 

B 5 R (f,x)^ f(x) a. e., for f e £*(((), l),d^) 
if and only if po (S) < p, where po (5) is as in §3§ . 

Proof of Theorem [1] is contained in Section [5] and is based on the following 
arguments. On one hand, to prove the necessity part, we will show the existence of 
functions in L p ((0, l),d/j, v ) for p < po{5) such that B 5 R diverges for them. In order 
to do this, we will use a reasoning similar to the one given by C. Meaney in [T^ that 
we describe in Section [2] On the other hand, for the sufficiency, observe that the 
convergence result follows from the study of the maximal operator B s f . Indeed, it 
is sufficient to get (po(S) , po(5))-~weak type estimates for this operator and this will 
be the content of Theorem [3] 
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Regarding the boundedness properties of B 5 f we have the following facts. First, 
a result containing the (p,p)-strong type inequality. 

Theorem 2. Let v > — 1, S > 0, and 1 < p < oo. Then, 

ll B *^llip((0,i),^„) - ^H/IU^Co,!),^) 

i/ and onZy j/ 

Jl<p<oo, /or -1 < 1/ < -1/2 or 5 > v + 1/2, 
\po < V < Pi, for 5 <v + 1/2 and v > -1/2. 

In the lower critical value of Pq(6) we can prove a (po(5) , po(5))-~weeLk type esti- 
mate. 

Theorem 3. Let v > —1, S > 0, and po(S) be the number in (|3]). Then, 

wit/i C independent of f . 

Finally, for the upper critical value, when < 5 < v + 1/2 and ^ > —1/2, it is 
possible to obtain a (pi,pi)-restricted weak type estimate. 

Theorem 4. Let v > -1/2 and 0<o"<^ + l/2. TTien. 

\\ BS XE\\ LP1 ,oo^ 0>1)<dflv) < <?IIX-e|U«((o,i),cV)> 
/or aZ/ measurable subsets E of (0, 1) and C independent of E. 

The previous results about norm inequalities are summarized in Figure 1 (case 
-1 < v < -1/2) and Figure 2 (case v > -1/2). 

S 6 



1" 



2i/ + l 



1 

1 P 



Figure 1: case — 1 < v < 



Figure 2: case v > — i. 



At this point, a comment is in order. Note that J. E. Gilbert [5] also proves 
weak type norm inequalities for maximal operators associated with orthogonal ex- 
pansions. The method used cannot be applied in our case, and the reason is the 
same as can be read in [3], at the end of Sections 15 and 16 therein. Following the 
technique in [9 we have to analyze some weak type inequalities for Hardy opera- 
tor and its adjoint with weights and these inequalities do not hold for p — po and 
V = V\- 
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The proof of the sufficiency in Theorem [2] will be deduced from a more general 
result in which we analyze the boundedness of the operator B s f with potential 
weights. Before stating it, we need a previous definition. We say that the parame- 
ters (b, B, v, 8) satisfy the C p conditions if 

(4) 6> ~ 2 ^ + 1 ) (> ifp = 00 ), 

P 

(5) B< 2(i/+ 1) (l-^) (< ifp = l). 

(6) b>2 (y + l)fl-V\ -5-\ (> ifp = oo), 

(7) S <2(,+ 1) (l-i) +< 5 + i, 

(8) B <b, 

and in at least one of each of the following pairs the inequality is strict: and ((8]), 
(H| and ((8]), and ([7]) and ((8]) except for p = oo. The result concerning inequalities 
with potential weights is the following. 

Theorem 5. Lei f > —1. 6 > 0, and 1 < p < oo. If (b,B,i/,S) satisfy the C p 
conditions, then 

IK^ILuo,!),^) " C 'll a!B /ll^((0,l),^)> 

with C independent of f . 

A result similar to Theorem [5] for the partial sum operator was proved in |10[ 
Theorem 1]. It followed from a weighted version of a general Gilbert's maximal 
transference theorem, see [HI Theorem 1]. The weighted extension of Gilbert's 
result given in |10) depended heavily on the A p theory and it can not be used 
in our case because it did not capture all the information relative to the weights. 
On the other hand, it is also remarkable the paper by K. Stempak [T!5] in which 
maximal inequalities for the partial sum operator of Fourier-Bessel expansions and 
divergence and convergence results are discussed. 

The necessity in Theorem [2] will follow by showing that the operator B s f is 
neither (pi,pi)-weak nor (po 7 Po)-strong for v > —1/2 and < 5 < v + 1/2. This is 
the content of the next theorems. 

Theorem 6. Let v > -1/2. Then 

sup \\B s R f\\L,i.-« ,i),d»„) > C(log J R) 1 /fo j 

ll/llx, t, l ((0,l),df*i/) =1 



ifQ < S < v + 1/2; and 

,: >~Rj\\L°°((a,i),dij,„) 



sup \\B S Rf\\L°°((o,i) ,du„) > ClogR, 



ll/llz, oo ((0,l),<iMi-) =1 

if 6= v+1/2. 

Theorem 7. Let v> -1/2. Then 



sup lfelU P Q((0,l)^) > C(logJ?) l/ P0 
SC(0,1) \\Xe\\lpo ((0,1)4^) 



THE BOCHNER-RIESZ MEANS FOR FOURIER-BESSEL EXPANSIONS 



5 



ifO < 5 < v + 1/2; and 
if 6 = v + l/2. 



SU P \WRf\\L^{(Q,l),d^)>C\0gR, 

1/ II i 1 ((0,1) ,rf;i^ ) =1 



The paper is organized as follows. In the next section, we give the proof of 
Theorem[TJ In Section[3]we first relate the Bochner-Riesz means B R to the Bochner- 
Riesz means operator associated with the Fourier-Bessel system in the Lebesgue 
measure setting. Then, we prove weighted inequalities for the supremum of this 
new operator. With the connection between these means and the operator B R , we 
obtain Theorem [5] and, as a consequence, the sufficiency of Theorem [2] Sections 0] 
and [5] will be devoted to the proofs of Theorems [3] and HJ respectively. The proofs 
of Theorems [5] and [7] are contained in Section [5] One of the main ingredients in the 
proofs of Theorems [6] and [Jj will be Lemma [151 this lemma is rather technical and 
it will be proved in the Section [71 

Throughout the paper, we will use the following notation: for each p € [l,oo], 
we will denote by p' the conjugate of p, that is, | + -p- = 1. We shall write X ~ Y 
when simultaneously X < CY and Y < CX. 



2. Proof of Theorem [T] 

The proof of the sufficiency follows from Theorem [3] and standard arguments. 

In order to prove the necessity, let us see that, for < S < v + l/2 and v > —1/2, 
there exists a function / G L p ((0, l),dp v ), p G [l,Po), for which B s R (f,x) diverges. 
We follow some ideas contained in [T3] and [T5] . 

First, we need a few more ingredients. Recall the well-known asymptotics for 
the Bessel functions (see [20l Chapter 7]) 



2^0 + 1) 



+ 0(z v+i ), \z\<l, |arg(z)|<7r, 



cos z — 



+ 0(e lm ^z- 1 ) 



z > 1, 



|arg(z)| < 7T 



(9) J v {z) 

and 
(10) 

Ju(z) = 

where D l 
(11) 

For our purposes, we need estimates for the L p norms of the functions ipj. These 
estimates are contained in the following lemma, whose proof can be read in 
Lemma 2.1]. 

Lemma 1. Let 1 < p < oo and v > — 1. Then, for v > —1/2, 



7P 

2~ ~ 4, 

{vir/2 + it /4). It will also be useful the fact that (cf. (2/ 

8j = 0(j). 



' j\\ LP ((0,1), d»*) 



(logj) 1/p , 



and, for —l<v< —1/2, 

\\^j\\LP((0,l),d^) 



1, 



3 



:u+l/2 



if Hu+i) 
y P <- u+i/2 ■ 



ifp < oo, 
if p — oo. 
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We will also use a slight modification of a result by G. H. Hardy and M. Riesz 
for the Riesz means of order 5, that is contained in [ITJ Theorem 21]. We present 
here this result, adapted to the Bochner-Riesz means. We denote by Sn(f,x) the 
partial sum associated to the Fourier-Bessel expansion, namely 

0< Sj <R 

The result reads as follows. 

Lemma 2. Suppose that f can be expressed as a Fourier-Bessel expansion and 
for some S > and x £ (0, 1) its Bochner-Riesz means B s R (f,x) converges to c as 
R—too. Then, for s n < R < s n+ i, 

\S R (f,x)-c\<A s n 5 sup \B 5 t (f,x)\. 

0<t<s„ + i 

By using this lemma, we can write 

(12) \a j (f)i> j (x)\ = \(S Sj (f,x)-c)-(S Si _ 1 (f,x)-c)\<A s j s sup \B s t (f,x)\. 

0<t<s j + 1 

Let us proceed with the proof of the necessity. Let 1 < p < po- Note that p' = p\. 
Therefore, p' > p' a > and 5 < v + 1/2 - 2^11 : = A. By Lemma EJ 

llfellw'((0 l) dp.) — @3 • Then, we have that the mapping / M- %(/), where 
a jif) was given in ([2]), is a bounded linear functional on L p ((0, 1), d/i u ) with norm 
bounded below by a constant multiple of j x . By uniform boundedness principle, 
for p conjugate to p' and each < e < A, there is a function /o £ L p ((0, 1), dpL v ) so 
that a,j{fo)j~ E — > oo as j — > oo. By taking e — S, we have that 

(13) aj(fo)j~ S ->■ oo as j -> oo. 

Suppose now that B^(f , x) converges. Then, by EgorofT's theorem, it converges 
on a subset E of positive measure in (0, 1) and, clearly, we can think that E C (77, 1) 
for some fixed 77 > 0. For each x £ E, we can consider j such that SjX > 1 and, by 



K(/oMj(aOI = M/o)( i t -4 m x v M s i x ) 



V2 / 2 \V 2 



|^+i(s 



v ( co$(sjX + D u ) 

\7TSiX/ 



3)\ s " "J 



V2 / 2 \V2 

= ^7 1/a n ^7 J %(/o)^ 1/2 (Q((^^)' 1 ) + cos( s ^ + ^))| 

~ |a,(/ )x- iy - 1 / 2 (cos( S ,x + D„) + 0{{ Si x)- x ))\. 
By HU) on this set E, 
lajifox-'-^icosisjX + D v ) + OCOr 1 ))! < ^/ sup |Bf(/ ,x)| < i^/, 

0<t<Sj+l 

uniformly on 3; £ E. We also used (fTT|) in the latter. The inequality above is 
equivalent to 

\ aj (f )(cos{ Sj x + D v ) + Oir 1 ))] < K E x v+1/2 j s < Ke] 5 . 
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Therefore, 

(14) \a 3 (f )j- 5 (cos( Sj x + D v ) + O^)" 1 ))! < K E . 

Now, taking the functions 

Fj(x) = ai (/o)j- 5 (cos(s^ + D v ) + Oir 1 )), xeE, 

and using an argument based on the Cantor-Lebesgue and Riemann-Lebesgue the- 
orems, see [Ml Section 1.5] and [2TJ Section IX. 1], we obtain that 

iFjixtfdxyClaMj-tflEl, 



where, as usual, \E\ denotes the Lebesgue measure of the set E. On the other hand, 
by (HI, 

Je 

Then, from the previous estimates, it follows that \a>j(fo)j~ S \ < C, which contra- 
dicts (fl3i 



3. BOCHNER-RlESZ MEANS FOR FOURIER-BESSEL EXPANSIONS IN THE 
LEBESGUE MEASURE SETTING. PROOF OF THEOREM [5] 

For our convenience, we are going to introduce a new orthonormal system. We 
will take the functions 



m*)= 1 7 ;/m \ j = 1,2,. 



2 x J u s j x ^ 

\Ju+l(sj)\ 

These functions are a slight modification of the functions ([1]); in fact, 
(15) cf>j(x) = x u+1 / 2 ^j{x). 

The system {4>j( x )}j>i is a complete orthonormal basis of £ 2 ((0, l),dx). 
In this case, the corresponding Fourier-Bessel expansion of a function / is 



/~ with b j (f) = ( 



f(y) ( l ) j(y) d v 



3- 

provided the integral exists, and for (5 > the Bochner-Riesz means of this expan- 
sion are 

where R> and (1 — s 2 )+ = max{l — s 2 , 0}. It follows that 

B S R (f,x)= [ f(y)K s R (x,y)dy 







where 



(16) K s R {x,y) = Y J (l-S) 

Our next target is the proof of Theorem [5] Taking into account that 
Br/0«0= / f{y)K. s R {x,y)d^{y), 



2\ & 
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where 



2 s 8 



R 2 , 

j>i \ / + 

it is clear, from (JTHJ) , that K 5 R (x,y) = (xy)-^ +1 / 2 '> K s R (x, y). Then, it is verified 
that the inequality 

\\x b B s (f,x)\\ LP{{0AhdtJ , v) < C\\x B f(x)\\ L p ({aAhdllv) 

is equivalent to 

that is, we can focus on the study of a weighted inequality for the operator B R (f, x). 
The first results about convergence of this operator can be found in [4]. 
We are going to prove an inequality of the form 

\\x a B S (f,x)\\ LP((0tl)idx) < C||:z; A /(a;)|| L p ((0 , 1)i(i2;) 

for S > 0, 1 < p < oo, under certain conditions for a, A, v and S. Besides, a 
weighted weak type result for sup i j >0 \B R (f,x)\ will be proved for p = 1. The 
abovementioned conditions are the following. Let v > —1, 6 > and 1 < p < oo; 
parameters (a, A, is, S) will be said to satisfy the c p conditions provided 

(17) a>-l/p-{v + l/2) (> ifp=oo), 

(18) A< l-l/p+(i/ + l/2) (< if p = 1), 

(19) a > -S- 1/p (> ifp = oo), 

(20) A < 1 + 5 - 1/p, 

(21) A < a 

and in at least one of each of the following pairs the inequality is strict: (fl8|) and 
([2T]). ([15]) and (EU), and O and (JUJ) except for p = oo. 
The main results in this section are the following: 

Theorem 8. Let v > — 1, 5 > and 1 < p < oo. J/ (a,A,v,8) satisfy the c p 
conditions, then 

\\x a B s {j,x)\\ LP{{ QX hdx) < C\\x A .f{x)\\ LP{{ Qx hdx) , 
with C independent of f . 

Theorem 9. Let v > —1 and 6 > 0. If (a, A, v,S) satisfy the c\ conditions and 
E x = {xe (0, 1) : x a sup (\B s R (f, x)\) > \\ , 

I R>0 J 

then 

_ll^ A /(^)llii((o,i),d a: ) 
\E\\ < O , 

wf/i C independent of f and A. 

Note that, taking a = b + (y + l/2)(2/p- 1) and A = B + (v + l/2)(2/p- 1), 
Theorem [5] follows from Theorem [8] 
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The proofs of Theorem [8] and Theorem [9] will be achieved by decomposing the 
square (0, 1) x (0, 1) into five regions and obtaining the estimates therein. The 
regions will be: 



(22) 



U{(x,y) :y/2<x <y-2/R, A/R<y< 1}. 
Theorem [8] and Theorem [9] will follow by showing that, if 1 < p < oo, then 





= {0,y) 


0<x,y<A/R}, 




A 2 


= {(^j) 


A/R < max{x, y} < 1, \x — y 


1 < 2/R}, 


A 3 


= {( x ,v) 


A/R <x<l,Q<y< x/2}, 




A± 


= {( x ,y) 


0<x< y/2, A/R < y < 1}, 




A 5 


= {(%,y) 


A/R < x < 1, x/2 < y < x - 


2/R} 



sup / y- A x a \K%{x,y)\\f{y)\ X A 3 dy 

R>OJo 



(23) 

holds for j = 1, 3, 4 and that 



LP((0,l),daO 



< C||/( a:: )IUp((0,l),<ia;) 



(24) 



y- A a ; a |^(a ; ,y)||/(y)|xA J ^<CM(/,x), 



for j — 2, 5, where M is the Hardy-Littlewood maximal function of /, and C is 
independent of R, x and /. These results and the fact that M is (1, l)-weak and 
(p,p)-strong if 1 < p < oo complete the proofs. 

To get (|23|) and (|24|) we will use a very precise pointwise estimate for the kernel 
K s R (x, y), obtained in 0]; there, it was shown that 



(25) 

with 
(26) 



\K s R (x,y)\<C 



{xyy+V*R?^+ l \ (x,y)eA 1 , 
(x,y) g A 2 

e A 3 U A 4 UA 5l 



R, 

3>v{Rx)3>v{Ry) 
R d \x-y 




if < t < 2, 
if t > 2. 



The proof of (|24|) follows from the given estimate for the kernel K R (x,y) and 
y~ A x a ~ C in A2 U A5 because A < a. In the case of ^2, from |if^(a;,2/)| < 
Ci? we deduce easily the required inequality. For A 5 the result is a consequence 
of &v(Rx)Q„(Ry) < C and of a decomposition of the region in strips such that 
R\x - y\ ~ 2 fe , with fc = 0, . . . , [log 2 R] - 1; this can be seen in [H p. 109] 

In this manner, to complete the proofs of Theorem [8] and Theorem [9] we only 
have to show (j23|) for j = 1,3,4 in the conditions c p for 1 < p < 00, and this is 
the content of Corollary Q] in Subsection 13.21 In its turn, Corollary [T] follows from 
Lemmas [51 and ITTJ1 in the same subsection. Previously, Subsection l3. II contains some 
technical lemmas that will be used in the proofs of Lemmas [9] and [101 

3.1. Technical Lemmas. To prove (|23]) for j — 1, 3, 4 we will use an interpolation 
argument based on six lemmas. These are stated below. They are small modifica- 
tions of the six lemmas contained in Section 3 of [14] where a sketch of their proofs 
can be found. 
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Lemma 3. Let £o > 0, if r < —1, r + t < — 1 and r + s + t < —1, then for p = 1 

< C\\f( x )\\LP{{0,oo),dx) 

Z,P((0,oo),dx) 



x r X[i.oo)(x) sup £ s / y\f(y)\dy 



with C independent of f . If r < 0, r + t < — 1 and r + s + t < —1 iwi/i equality 
holding in at most one of the first two inequalities, then this holds for p = oo . 

Lemma 4. Let £o > 0, ift < 0, r+t < — 1 and r + s + t < — 1, wii/i sirici inequality 
in the last two in case of equality in the first, then for p = 1 



x r X[i.oo){x) sup £ s / y l \f{y)\dy 

io<£<x Jx 



< C||/( a; )llLP((0,oo),dx) 



LP((0,oo),dx) 



with C independent of f . Ift < — 1, r + t < — 1 and r + s + t < — 1, then this holds 
for p — oo . 

Lemma 5. // s < 0, s + 1 < and r + s + t < —l,with equality holding in at most 
one of the last two inequalities, then for p = 1 



a; r X[i,oo)(a;)sup^ s / y^fiy^dy 

£>X Jx 



< C\\f(x)\\ L P((0,oc,),dx) 



LP((0,oo),dx) 



with C independent of f . If s < 0, s + t < — 1 and r + s + t < — 1 this holds for 
p = oo. 

Lemma 6. If t < 0, s + t < and r + s + t < —I, with strict inequality holding in 
the first two in case the third is an equality, then for p = 1 



POO 

£ r X[i,oo)(a:)supf / y*\f(y)\ 

£>x J£ 



dy 



< C||i '( x )\\ LP ((0,oo) Ax) 



LP((0,oc),dx) 



with C independent of f . If t < — 1, s + t < — 1 and r + s +t < — 1 then this holds 
for p = oo . 

Lemma 7. If s < 0, r + s < —1 and r + s + t < —1, then for p = 1 



£ r X[i,oo)(X)sup£ s / y l \f{y)\dy 

£,>x Jl 



< C\\f{x)\\ L P{{0,oo),dx) 



LP((0,oo),dx) 



with C independent of f . If s < 0, r + s < and r + s + t < — 1, with equality 
holding in at most one of the last two inequalities, this holds for p = oo . 



Lemma 8. If r < — 1, r + s < — 1 and r + s + t < —1, then for p = 1 

LP((0,oo),da;) 



a; r X[i,oo)(a;) sup £ s ( y^fiy^dy 

1<£<X Jl 



< C||/( a; )l|LP((0,oo),da:) 



wif/i C independent of f. Ifr<0,r + s<0 and r + s + t < — 1, with equality in 
at most one of the last two inequalities, this holds for p = oo . 
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3.2. Proofs of Theorem [8] and Theorem [9] for regions A\, A3 and A4. This 
section contains the proofs of the inequality ([23| for regions Ai, A3 and A4. The 
results we will prove are included in the following 

Lemma 9. If v > —1, 6 > 0, R > 0, j = 1, 3, 4 and (a,A,u,6) satisfy the c\ 
conditions, then (|23|) holds for p — 1 with C independent of f. 

Lemma 10. If v > —1, 8 > 0, R > 0, j = 1, 3, 4 and (a,A,i/,6) satisfy the c x 
conditions, then (|23p ZioZds for p = 00 wf/j C independent of f . 



Corollary 1. If 1 < p < 00, v > —1, 5 > 0, R > 0, (a,A,u,6) satisfy the c p 
conditions and j = 1,3,4, then (|23|) holds with C independent of f. 



Proof of Corollary [TJ It is enough to observe that if 1 < p < 00 and (a, A, v, 5) 

satisfy the c p conditions, then (a— 1 + 1/p, A— 1 + 1/p, u, S) satisfy the c\ conditions. 
So, by Lemma |9] 

y- A+l - l ' p x a - l + l ^\K 5 R {x, y)\ XAo (x, y)\f(y)\dy 

Zv 1 ((0,l),da) 

< C'||/(a;)IU l ((o,i),*j!)! 

and this is equivalent to 



sup 

R>o Jo 



X x a+1 /v fsup f 1 \K s R (x,y)\x Ai (x,y)\f(y)\dy) —<C [' x A+1/p \f(x)\ — , 

\R>oJo J X J X 

where j — 1, 3, 4. Similarly, if (a, A, v, 6) verify the c p conditions, then (a + 1/p, A- 
l/p,v,5) satisfy the Coo conditions. Hence, by Lemma [TUl 

x a+1 /P sup f \K s R (x, y)\ XAj (x, y)\f{y)\dy 

R>0J0 Z,~((0,l),dx) 

<C\\x A+1 /Pf(x)\\ L ao {{0A) , dx) . 

Now, we can use the Marcinkiewicz interpolation theorem to obtain the inequality 
' VW sup f 1 \K R (x,y)\ XAj (x,y)\f(y)\dy)) P — 



R>0J0 // x 

< 



1 1 p dx 



C / (x A + l /"\f(x)\) ™ 



X 

for 1 < p < 00 and the proof is finished. 

Finally, we will prove Lemmas l9l and fTOl for Aj, j = 1,3 and 4, separately. 

Proof of Lemma [9] and Lemma 1101 for A\ . First of all, we have to note that 
B R (f,x) — when < R < s%, being si the first positive zero of J„. Using the 
estimate (l2"5l) , the left side of (|2"3"|) in this case is bounded by 



C 



^ +1/2 X[o,i](x) sup R 2 ^ f' R y- A+ » +1 ' 2 \f{y)\dy 

si<R<4/x JO 



1/ 

Making the change of variables x — 4/it and y — 4/v, we have 



C 



*~*X[4,oo)(«) sup R 2 ^ / w A -("+i)- 2 +? s («)d« 

si<_R<u 



LP((0,l),dx) 



LP ((0, 00), du) 
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where || • || L 



p((0,oo),du) 



denotes the L p norm in the variable u, and 



g(v)=v- 2 /P\f(4v- 1 )\. 

Note that function g(v) is supported in (l,oo) and \\g\\hp((o,ao),du) = ||/||lp((o,i),^)- 
The function g will be used through the subsection, but the value 4 may be changed 
by another one, at some points, without comment. Now, splitting the inner integral 
at u, we obtain the sum of 
(27) 



C 

and 
(28) 

C 



—a—v— — — 



»X[4,oo)(«) sup R 2 ^ / v A -^+^- 2+ ig{v)dv 

si<R<u J R 



LP((0,oo),du) 



. —a — v— £ — 



*~*X[W«) sup R 2 ^ / v A -^- 2+ pg(v)dv 

si<R<u Ju 



LP((0,oo),du) 



From Lemma [3] we get the required estimate for (f27|) , using conditions (fTTj) and 
(f2"Tj) ; Lemma 0] is applied to inequality (|28|) . there we need conditions (fl8|) and (|2"Tj) 
and the restriction on them. This completes the proof of Lemmas O and [TO] for 
J = 1- 

Proof of Lemma [9] and Lemma 1101 for A% . Clearly, the left side of (|23|) is 
bounded by 



C 



x/2 



x a X[A/R,x){x) sup / y~ A \K 6 R (x,y)\\f{y)\dy 

4/x<RJ0 



Lp((0,l),dx) 



Splitting the inner integral at 2 /R, using the bound for the kernel given in ([25]) and 
the definition of <f>„, we have this expression majorized by the sum of 



(29) 

and 
(30) 



x a X[o,i]{x) sup 

4/x<RJo 



2/R. 



\m\ 



(Ryy +1 ' 2 y ~ A 
R s \x-y\ 



5+ 



— dy 



LP((0,l),dx) 



x a X[o,i]( x ) sup 



4/x< 



x/2 



\m\y- 



<rJ2/r R s \x-y\ 



-dy 



LP((0,l),dx) 



For (f29| . taking into account that \x — y\ ~ x in A3, the changes of variables 
x = 4/it, y = 2/v give us 



-o+(«+l)-f X[4)Qo) ( u ) sup fl -*+(«+l/2) / w -(-+l/2)+A+f-2 g(u) dv 



u<R 



LP((0,oo),du) 



Lemma [5] can be used here. The required conditions for p = 1 are l|18[). (|2U1) and 
(1211) with the restriction in the pairs therein. For p = 00 the same inequalities are 
needed. 
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On the other hand, in (|30|). using again that \x — y\ ~ x, by changing of variables 
x = A/u and y = 2/v we have 



C 



-a+(S+l)- 



< C 



; X[4,oo)(") SUpi? 

u<R 



-6 



v A+ p z g(v)dv 



2 a 



LP((0,oo),du) 



-a+(<$+l)- 



; X[4,oo)(") sup R 

u<R 



v A+ p z g(v)dv 



LP((0,oc),du) 

Lemma [5] can then be applied. For p = 1, we need S > 0, which is an hypothesis, 
and (|20p and (|21[) with its corresponding restriction. For p — oo the inequalities 
are the same, with the requirement that (|20|) is strict. This completes the proof of 
Lemmas 151 and [TU1 for j = 3. 

Proof of Lemma [9] and Lemma 1101 for A4. In this case, the left hand side 
of (T2"3")l is estimated by 



a;a X[o,i/2](a;) sup 



R>4,J ma x(4,/R,2x) 



y- A \K s R (x,y)\\f(y)\dy 



LP((0,l),dx) 



To majorize this, we decompose the i?-range in two regions: 4 < R < 2/x and 
R > 2/x. In this manner, with the bound for the kernel given in (|25p and the 
definition of <& v , the previous norm is controlled by the sum of 



C 



x a X[o,i/2](x) sup 

4<R<2/x Ji/R 



1 iff , t (Rxr +1/2 y- A , 

\f(y)\ ..^4-1 d v 



and 



C 



^ a X[o,i/2]( 2: ) sup 



R>2/x J2x 



R 5 \x-y\ s + 

1 l/(2/)|y- 7i 



LP((0,l),dx) 



R s 



x-y 



6+ 



jdy 



LP((Q,l),dx) 

Next, using that \x — y\ ~ y in A4, with the changes of variables x = 2/u and 

y = 1/v the previous norms are controlled by 

(31) 

r R/4 



c 

and 
(32) 



-a-|-(v+i) 



X[4,oo)(«) Sup / 
4<fl<u Jl 



A+f-2+(5+l) 



g[v) dv 



LP((0,oo),du) 



C 



u a p X[4,oo)(u) sup R 

R>u 



-6 



tt/4 



,A+§-2+(5+l) 



LP((0,oo),d«) 

In ([3T|) . we use Lemma [5] for p — 1, conditions (|T7|) . ([T^]) and (f2T|) are needed; we 
need the same for p = 00. For (|3"2"|) , Lemma [7] requires the hypothesis 6 > and 
conditions (Til?)) and (|2"Tj) for p — 1 and the same for p = 00 with the restrictions in 
the pairs therein. This proves Lemmas [91 and ITUl for j = 4. 

4. Proof of Theorem [3] 

Now we shall prove Theorem [3] First note that, by (|15p . we can write 

v+1/2 



/ /(tf)© K s R {x,y)dy, 

.In y X/ 
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where K R is the kernel in (p~6|) . By taking g(y) = f{y)y 1/+1 ^ 2 , to prove the result it 
is enough to check that 

<Mz)<-£ ! \g{x)\*xW>^ dx, 



^ p .„ 

where E = [x G (0, 1) : su Pfl>0 x^ 1 ^) (a, y)| > a} ;md P = Po (6). 

We decompose £ into four regions, such that E = \J i=1 where 

Ji = (a: e (0,1): sup aT^ 1 ^ f \g(y)\x Bi (x, y)\K s R (x, y)\ dy > A 

I R>0 JO 

for i = 1, . . . , 4, with B\ = A\, B 2 — A 2 U A 5 , £> 3 = A^, and B4 = A4 where the 
sets Ai were defined in (1^1) . Note also that J E dfi v {x) < J2i=i fj djj, v {x), then we 
need to prove that 

(33) J d^(x) <^J \g(x)\Px^ +1 /^ 2 -^ dx, 

for i — 1, ... ,4 and p = po(<5)- At some points along the proof we will use the 
notation 

(34) I p := f \g{y)\ p y (v+1/2)(2 ~ p) dy. 

Jo 

In J 1 , by applying (f!Z5j) and Holder inequality with p = p , we have 
x~^ +1/2) f ~ \g{y)\ X BMy)\K R {x,y)\dy 



< Ca .-(.+ l/2) / \g(y)\( X yy+l/*RH»+l) dy 



< CR 2 ^ ( / Ifl^l^y^+Vajta-Po) dy / y <?*+Q dy 



CR 2 ^ I \g{y)\ Po y (,J+1/2)(2 - po) d y ) < CR^r 1 ! 1 '/ . 



Therefore, 



1 2(^ + 1) 



supa^ +1 / 2 > / \g(y)\ X BA^y)\K R {x,y)\dy < C sup X[ o,4/fl] (s)JZ *° 4 /P ' 
il>0 Jo fi>o 



2(^ + 1) , , 



In the case p = 1, it is clear that 
Jo 

and 

supx^+W f \g(y)\ XBl ( x ,y)\K R (x,y)\dy <Cx- 2 ^h. 

R>0 Jo 

Hence, for p — P o(S), 

2(»- + l) 



JiC{ l€ (0, 1) : Cx ~Ip /p > A}, 
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and this gives ([33]) for i = 1. 
In J3, note first that 

sup x-^+W f \g(y)\ XB3 ( X , y)\K 5 R (x, y)\dy 

R>0 Jo 

( r^/R rx/2 \ 

^ S npx-^ +1 ^X[4/R.,i](x)[ / \g(y)\\K R (x,y)\dy + \g(y)\\K R (x,y)\dy) 

R>0 \Jo J2/R ) 

:= R\ + i?2- 

For Ri, using ([25]) . the inequality x/2 < x — y, which holds in B3, and Holder 
inequality with p = po , 

r 2/R 

R, < Sa px-W+ s >xwR,i ] (x) / R» +1/2 - 5 ?/ +1/2 \g(y)\dy 

R>0 Jo 



fi>0 



where / Po is the same as in ()34j) . In the case p = 1, the estimate Ri < Cx~ 2< - v+r >h 
can be obtained easily. 

On the other hand, for R2, by using (|25[) and Holder inequality with p = po 
again, 



R 2 < supx-^/^ XWR!l] (x)I^R^ ( [ X/2 y-^^dy 

R>0 \J2/R 



Wo 



< S npx-^ 2+s h W R,i ] ( x ) I U P ° R - 5 / V [v+m ^dy 

R>0 ' \J2/R 



Using that (y + 1/2) < -1 and i/R < x < 1, we have that 

ir* V +1/2) ^ ^y /P ° < c (i?- ( ^ 1/2) ^^) lM R- 5 = c 

and the last inequality is true because the exponent of R is zero. Then 



-2("+l) , , 

r 2 < cx— /; o /w . 

In the case p = 1 applying Holder inequality, then 

i? 2 < supx-^/^xWR^h R- S sup y-C+Va). 

H>0 y£[2/R,x/2] 

Now, if i/ + 1/2 > and v + 1/2 < 8, 
sup X[ 4/R,i]( x ) R ~ 5 su p y- {u+1/2) 

R>0 y£[2/R,x/2] 

= Csnp X [A/R,i]{x)R v+1/2 - s < Cx- v - l ' i+s ; 

R>0 
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and if v + 1/2 < 0, 

SU PX [4/fl.l]0r)ir 5 sup tf -("+V2) 

fl>0 ye[2/iJ,£c/2] 

= C S Up X[ 4/R,l]W^^" (!/+1/2) < ^-^ 1/2+5 - 
i?>0 

In this manner 

Therefore, collecting the estimates for R\ and R2 for p — po and p = 1, we have 
shown that 

-2(^+1) 



J 3 C{ie (0, 1) : ^^^(x)/ 1 ^ > A}, 



hence we can deduce (|33j) for i = 3. 

For the region J4, we proceed as follows 



sup x 

R>0 



{u+1,2) / \g(y)\x Bi (x,y)\K s R (x,y)\d y 



< supx^ +1 / 2 ) X[ oW*) / IsMll^flfol/)!^ 
+ sup x-W^xp/R,!] (x) [ \9(y)\\K 5 R (x, V) I dy 

R>Q J2x 

<CsupX-('^ 1 /2) X[02/i?l(x)(i?a;) , + l/ 2 f 1 
_R>0 



X[2/R > 1]ix) L R^vW dy:=Sl + s *- 



We first deal with 5i, we use that y — x > y /2, then 

- 1 IsGOl 



5i <Csupx[o,2/K](x)^ +1/2 - 5 / 

R>0 J 4 



,,5+1 d f 



< <7 sup X[0>2/iJ] (x)R^ f \^dy< Cx-M f^dy. 

r>o Ji/R Vy Jx Vv 

Now for p — po or p = 1, we have that 2^ + 1— p(i/+l) > —land Hardy's inequality 
p~7| Lemma 3.14, p. 196] is applied in the following estimate 

( 1 \S 1 (x)\*a? t ' +1 dx<C t ( f 1 dyY x 2 » +1 -^ +1 Ux 

Jo \Jx sjv ) 

y*"+ 1 -*'dy = C C \g{yW» +1/2) ^ dy. 



< C 



g{y) 



Vy 

Concerning 52, observe that sup fl>0 X[2/r,i](x)R~ s < Cx s , thus 

- 1 \g(y)\ 



5 2 < ex-"- 1 '™ 



f 1 g(y . 
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Since for p = po or p = 1 we have that 2v + 1 — p(y + 1/2 — 5) > — 1, we can use 
again Hardy's inequality to complete the required estimate. Indeed, 

|S a (a!)| V+ 1 dx<c£ M dyj x 2v+1 -^ +1 ^ dx 



< C 



1 ' 9(V) P y 2u+l-p(u+l/2-8)+p dy 



y 8+l 



= C I 1 \ 9 {yW +1 ^- p) dy. 

Jo 

With the inequalities for S\ and S2, we can conclude for i = 4. 

To prove (|33[) for i = 2 we define, for A: a nonnegative integer, the intervals 

J fc = [2- fe - 1 ,2- fe ] ! N k = [2- k -\2- k+2 ] 

and the function gk(y) = \g(y)\xik{v)- By using (f2"5j) for x/2 < y < 2x, with 
.x e (0, 1), we have the bound 



\K%{x,y)\< 

Then 



C 

fl(a; ' y)l " R s (\x-y\+2/RY+^ 



{oo / .min{2a;,l} /.\ 1 

x e (0, i) : sup £ / t l o/mm > CA ^ +V2 • 

Since at most three of these integrals are not zero for each a; G (0, 1) 

00 f /•min{2a;,l} /.\ 

J 2 C I J <^ z G (0, 1) : 3 sup / — ^ 9k . [ ; o > CA^ +1 / 2 I 

fc r o l fl>oy«/a R s (\x-y\ + 2/R) s +i j 

OO 

c\j{xeN k : M(g k ,x) > C\x v+l l 2 } 

k=Q 

where in the las step we have used that 

r min{2:r,l} u\ 

—jrj, , 7T7T <%/< CM(g k ,x). 

R s (\x-y\+2/R) s + 1 y ~ yy ' y 

By using the estimate x ~ 2~ k for x € iVfc, we can check easily that 

00 

J 2 C |J {x G N k : M(5fc,a:) > CA2-^ +1 / 2 > } . 
fe=i 

Finally by using again that x ~ 2~ fe for a; G I k ,N k and the weak type norm 
inequality for the Hardy-Littlewood maximal function we have 

f x 2 » +1 dx<cjT2- k ^ + V f dx 



sup 

R>0Jx/2 



IJ2 k=0 J{xeN k :M(g k ,x)>C\2-*(» + i/2)} 

/2)- 



00 npfc(i/+l/2)-fe(2^+l) 

s /. \9(y)\ p dy 

k=0 



p„(i/+l/2)(2-p) 



and the proof is complete. 
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5. Proof of Theorem [4] 

To conclude the result we have to prove (|33j) with g{x) = Xe(x) and p — p\. 
For Ji and J2 the result follows by using the steps given in the proof of Theorem 
[3] for the same intervals. To analyze J3 we proceed as we did for J4 in the proof of 
Theorem [3l In this case we obtain that 



supx-^+Vs) f \g(y)\xB 3 (x,y)\K s r ( Xi y)\ 

R>0 Jo 



< C x~^ +1 *> 



\g(y)\ 
W 



dy + x - (,+3/2+5) £ \g(y)\y6 d y\ 



Now taking into account that for p = p\ we have 2v + 1 — p(y +1) < — 1 and 
2v + 1 — p(y + 3/2 + <5) < — 1 we can apply Hardy's inequalities to obtain that 



' ' -(,+1) 



dyY x 2v+1 dx<C t \g(y)\ p y^ +1/iK2 - p) 

Vv J Jo 



dy 



and 



f 1 (x-WW f \g(y)\y 5 dyj x 2 ^ 1 dx<c£ |.g(y)| V +1/2)(2 ~ p) dy, 



with these two inequalities we can deduce that (33) holds for J3 with p = p\ in this 
case. 

The main difference with the previous proof appears in the analysis of J4. To 
deal with this case, we have to use the following lemma [3j Lemma 16.5] 

Lemma 11. If 1 < p < 00, a > —1, and E C [0, 00), then 

(^J x a d x y < 2 p (a + l) 1 - p J x^+^p- 1 dx. 

In this case, it is enough to prove that 

C f 1 

d^(x)< — XE{y)d(J,„(y), 



where 



J = U € (0,1) : supx-^ +1 / 2 ) f XE(y)XB i (^y)y v+1,2 \K S R (x,y)\dy > X 

I R>0 Jo 

and this can be deduced immediately by using the inclusion 

(35) J C [0, min{l, H}} 

with 

H 2 ^ = ^ f\ E (y)d^(y). 
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Let's prove ([35]). By using (|T6j) and the estimate y — x > y/2, we have 
sup x-^ +1 'V [ xb(v)Xb<(*, y)y u+1/2 \K 5 R (x, y)\dy 



R>Q 

<C S upR- 5 +»+V 2 X[0t2/R] (x) [ XE(y)y- 5+ "- 1/2 dy 

R>0 JA/R 

+ C sup R- 5 x-^ +1 ^xi2/R.i] (x) [ x E (y)y- 5+ »- 1/2 dy. 

R>0 J2x 

In the first summand we can use that jj— *+f+i/ 2 < Cx s ~ u ~ x / 2 and in the second 
one that R~ 5 < x s . Moreover observing that with p = Pi it holds —5 + v + 1/2 = 
2(u + l)/p we obtain that 

sup*-^ +1 / 2 > [\ E {y) X B A y v+1 ' 2 \K R {x, y )\d y <Cx-^+^ [ y-^+^dy 

R>0 Jo JE 

< Cx- 3 W* ( d^(y), 



where in the last step we have used Lemma fTTl and this is enough to deduce the 
inclusion in (|35]l. 

6. Proofs of Theorem [6] and Theorem [7] 

This section will be devoted to the proofs of Theorem |6] and Theorem [7] To this 
end we need a suitable identity for the kernel and in order to do that we have to 
introduce some notation. Hjp will denote the Hankel function of the first kind, 
and it is defined as follows 

H^(z) = J u (z)+iY u (z), 

where Y v denotes the Weber's function, given by 

= Mz)cob^-J- v (z) v ^ ^ = Hm J,(z)cos^-J-,(z)_ 

sin vtt v->n sin vtt 

From these definitions, we have 

i sin vn v^m % sin vk 

For the function the asymptotic 

(36) hW(z) = J— e^—^-'^lA + OCz- 1 )], \z\>l, -tt < arg(z) < 2tt, 

V TTZ 

holds for some constant A. 

In [H Lemma 1] the following lemma was proved 

Lemma 12. For R > the following holds: 

K R (x, y )=I RA (x,y) + I R , 2 (x,y) 

with 

Ir,i(x,v) = (xy) 1/2 J Z ( 1 ~^J J v {zx)J v {zy)dz 
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rS , x 1; (*y) 1/2 f {, z 2 Y zH£\z)J v {zx)J v {zy) 



where, for each e > 0, S e is i/ie pat/i of integration given by the interval R + i[e, oo) 
m the direction of increasing imaginary part and the interval —R + i[e, oo) in the 
opposite direction. 

Then, by Lemma [T2l we have 

£flO,J/) = l 5 RA (x,y) + X R>2 (x,y) 

wherelftj(x,y) = (xy)^^ +1 ^ 2 ^ I R j(x,y) for j = 1,2. The main tool to deduce our 
negative results will be the following lemma 



Lemma 13. For v > —1/2. S > 0, and R > it is verified that 
rJ (Q y) _ 2*-T(* + 1) 2(v+1 , J„ +s+1 (yR) s 



where 

f R 2u - s+1 , yR<i, 



(37) \l R<2 (0,y)\<C- 
Proof. From ©, it is clear that 



fl»-«+l/2 y -(H-l/2) ^ yR> l, 



Now, by using Sonine's identity [20l Ch. 12, 12.11, p. 373] 

s» +1 (1 - s 2 ) S J v {sy) ds = 2 S T(5 + 1) Jv+ ^ v) , v, 5 > -1, 

we deduce the leading term of the expression for IC s R (0, y). 
To control the term 

q-s , n , r y- { " +1/2) f (, z 2 Y z^Hl l \z){zy)V*J v {zy) J 

i ^(°.w)=^— 2— y s A m ' 

we start by using the asymptotic expansions given in (l36l) and (flOl) for Hu\z) 
and J v {z). We see that on S e , the path of integration described in Lemma [T2l for 
i = Im(z) the estimate 

H v {z) 



< Ce 



Ju{z) 

holds for t > 0. Now, from © and (fTU|). it is clear that for z = ±i? + it 

\JzyJ v {zy)\<Ce yt <S> v {{R + t)y) 
where $ y is the function in (J^HJ) ■ Then 

|2« 2 (0, y)\ < Cy- (V+1/2) R- 2S / t s (R + t) u+s+ V 2 $ v ((R + t)y)e-^- y ^ dt. 
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If y > 1/R we have the inequality $> V ((R + t)y) < C, then 

poo 

K 2 (0, y)\ < Cy-^ U+1 ^R- 2S / t 5 (R + t y+s+V* e -&-v)t d t 

Jo 

< Cy-^ +1 ^R- s (R v+1 ^ + R- 5 ) < CR»- s+1 / 2 y -^ +1 ^ 

and (|37p follows in this case. If y < 1/R we obtain the bound in ((37)) with the 
estimate & v ((R + t)y) < C{$ v {yR) + (yt)" +1 / 2 ). Indeed, 

POO 

I^R 2 (0,y)| < Cy-^ +1/2) R- 2S <f>„(yR) / t s {R + ty +s+1 / 2 e- {2 - y)t dt 



CR 



-2(5 



t v+5+1 ' 2 (R + t )»+s+i/2 e -(2-y)t dt 



n 



< C(R 



2v-&+ 



1 , jji/-25+l/2 i jjU-6+1/2 , ^- 2 < 5 ') < ^2j/- 



5+1 



□ 



Lemma 14. For {/ > —1/2 and < 5 < f + 1/2, ifte estimate 

11^(0, V)IUpo(( 0j 1),^) > C^- 5+1 /2(logi?)V P o 

Zio/ds. 

Proof. We will use the decomposition in Lemma [T3J By using and (TlU)) as was 
done in [3 Lemma 2.1] we obtain that 



n2(,y+l) Jv+S+l(yR) 

(yRY+ 5 + 1 



> CR v - &+1 ' 2 {\ogRf' Po . 



L p o((o,l),d^i„) 

With the bound (l37l) it can be deduced that 



With the previous estimates the proof is completed. 



□ 



Finally, the last element that we need to prove Theorems |5] and [7] is the norm 
inequality for finite linear combinations of the functions {il>j}j>i contained in the 
next lemma. Its proof is long and technical and it will be done in the last section. 

Lemma 15. For v > —1/2, R > 0, 1 < p < oo and f a linear combination of 
the functions {ipj}i<j<N(R) with N(R) a positive integer such that N(R) ~ R, the 
inequality 

ll/lli«>((0,l),d^) < Ci? 2(!y+1)/P ||/IUp--((0,l),<i M „) 

holds. 

Proof of Theorem^ With the bound in Lemma [141 we have 

(logi?) 1 ^ < cir^+DM \\KUa,y)\Lo i(0 , 1M 



CR -2(»+l)/ P1 gup 

ll/lliPl((0,l),dn„) 

CR ~2(v+l)/ Pl gup 

11/ lliPl((0,l),dn„) 



IC 5 R (0,y)f(y)d^ 



=i 



Kno)\ 
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From the previous estimate the result for S = v+1/2 follows. In the case 6 < v+1/2 
it is obtained by using Lemma IT5l because 

R -2{u+i)/ Pl sup \B R f(0)\ 

11/lliPl ((0,l),£i t l>/) = 1 

- C sup _ \\ S nf WW L"i>°° «o,i), dfi,„) 

ll/lll,Pl((0,l),£in^) — 1 

since B R f(x) is a linear combination of the functions {ipj}i<j<N(R) with N(R) ~ 
R. □ 

Proof of Theorem^ In the case <5 < v+ 1/2, the result follows from Theorem|6]by 
using a duality argument. Indeed, it is clear that 



\BrXe\\i 



\L v °({0,l),du t , 

sup — rf^ — 7. — ■ — '- — sup sup 



BC(0,1) IIXB||ifa((0,l),d^) SC(0,1) II/ILpi ((0,1),^)=! l|XJ5||i«-o((0,l),<i^) 

J 1 XE(y)B R f(y)d l i u 



(38) = sup sup 



U LIJV U LAJJ .... • 

II/IIlpi«o,im„„) = 1£; C(0,1) \\XE\\L*o((0,l),tln„) 

By Theorem[6]it is possible to choose a function g such that ||s , ||z,pi((o,i),d^ I/ ) = 1 
and 

||B^(^)|U P1 ,«.((o,i),^) > Caogi?) 1 /^. 
Then, with the notation 

Hv(E) = / dfi u , 

J E 

we have 

(39) \ Pl n„(A)>C(\ogR) Pl / po , 

for some positive A and A = {x 6 (0,1) : > A}. Now, we consider the 

subsets of A 

Ai={i£ (0, 1) : B R g{x) > A} and A 2 = {x e (0, 1) : B s R g(x) < -A} 

and we define D = A\ if > ^v{A)/2 and D = otherwise. Then, by (f39|) . 

we deduce that 

(40) x>c^;\ 

Taking / = g and £7 = D in (|38|) and using (l40l) . we see that 



sup 



> CXj, > CQogii:) 1 /^ 



BC(0,1) ||XB||iTO((0,l),ti/i„) IIX-D||LPo((0 : l),d AI „) 

and the proof is complete in this case. For 6 = v + the result follows from 
Theorem |5] with a standard duality argument. □ 
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7. Proof of Lemma [15] 

To proceed with the proof of Lemma [15] we need some auxiliary results that are 
included in this section. 

We start by defining a new operator. For each non-negative integer r, we consider 
the vector of coefficients a — (a%, . . . , a r +i) and we define 

r+1 

T rAa f{x)=Y J Oc l Bl R f{x). 
l=i 

This new operator is an analogous of the generalized delayed means considered in 
|16) . In [16] the operator is defined in terms of the Cesaro means instead of the 
Bochner-Riesz means. The properties of T r ji_ a that we need are summarized in the 
next lemma 

Lemma 16. For each non-negative integer r and v > —1/2, the following state- 
ments hold 

a) T r fj a f is a linear combination of the functions {iftj}i<j<N((r+i)R)> where 
N((r + l)i?) is a non-negative integer such that N((r + 1)R) ~ (r + 1)R; 

b) there exists a vector of coefficients a, verifying that \ae\ < A, for I — 
1, . . . , r + 1, with A independent of R and such that T r- ji_ a f(x) = f{x) for 
each linear combination of the functions {ipj}i<j<N(R) where N(R) is a 
positive integer. Moreover, in this case, for r > v + 1/2, 

\\Tf r ,B„a\\L 1 ((Q,l),d^ l ,) < C| I f\ I L 1 ((0,1) 

and 

\\T r ,R,af\\L<=°({0S),dfJ.v) - C|l/IU oia ((0,l),dAt K )! 

with C independent of R and f . 

Proof. Part a) is a consequence of the definition of T r ^, a and the fact that the 
m-tli zero of the Bessel function J u , with v > —1/2, is contained in the interval 
(rmr + vtt/2 + 7r/2, mir + vn/2 + 3ir/4). 

To prove b) we consider f(x) — J^fS^ ajipj(x). In order to obtain the vector of 
coefficients such that T ri R t0t f(x) = f(x) the equations 

for all k = 1, . . . ,N(R), should be verified. After some elementary manipulations 
each one of the previous equations can be written as 

wiA^izi^y^-i 
^ k \j R?i ^ m 

j=0 VJ/ t=l 

and this can be considered as a polynomial in s 2 . which must be equal 1, therefore 
we have the system of equations 



r+1 



7n= s j,o, j = 0,...,r. 



This system has an unique solution because the determinant of the matrix of coef- 
ficients is a Vandermonde's one. Of course for each i = 1, . . . , r + 1, it is verified 
that \cti \ < A, with A a constant depending on r but not on N(R). 
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The norm estimates are consequence of the uniform boundedness 

l|S fi /||z,j.((o,l),rf Ml< ) < C\\f\\ L v^x) id ^, 

for p — 1 and p = oo when 8 > v + 1/2 (see [4]). □ 

In the next lemma we will control the L°°-norm of a finite linear combination of 
the functions {V'j jj^i by its L^norm. 

Lemma 17. If i> > —1/2 and f(x) is a linear combination of the functions 
{i J j}i<3<N(R.) with N{R) a positive integer such that N{R) ~ R, the inequality 

||/IU°°((o,i),^) < Ci? 2(iy+1) ||/|| L i(( ,i),d AI „) 

holds. 

Proof. It is clear that 

Now, using Holder inequality and Lemma [JJ we have 

N(R) 

ll/IU°°((0,l),<i/i„) - C zl W^j\\L^({0,l),dn v )\\f\\L l {(0,l),d^) 
3=1 

AT(il) 

< CII/IUhCo.i),^) E ^ ^ ( * +1) ll/IU*((o,i),d*0- 

3=1 

□ 

The following lemma is a version in the space ((0, 1), d/z„) of Lemma 19.1 in [3]. 
The proof can be done in the same way, with the appropriate changes, so we omit 
it. 

Lemma 18. Let v > —1, 1 < p < oo and T be a linear operator defined for 
functions in L 1 ((0, l),d/i y ) and such that 

||T/IU°°((0,l), t 2^) ^ ^ll/IUi((0,l),dM„) ||77|| L =c(( ,i)^, y ) < £||/|U°°((0,l),<i/v)> 

||^/IUoo (( o,i) (d ^) < CA 1 /p J Bi/p'|| / || iP , oo((01) 

Now, we are prepared to conclude the proof of Lemma [T5l 

Proof of Lemma [751 We consider the operator T r ^ a f given in Lemma [TBI b) with 
r > v + 1/2. By Lemma [TBI and Lemma [TT] we have 

II^WIU-uo,!)^) < C (( r + ±)R) 2{ " +1) \\Tr,R, a f\\m(o,i)^) 
<CR^ + V\\f\\ L i i{0;1) , dlMv) . 
From b) in Lemma [TBI we obtain the estimate 

\\Tr,R.af\\L^((0,l).d^) < C 1 1 / 1 1 i °° ( (0, 1) ) ■ 

So, by using Lemma [TBI we obtain the inequality 

\\T r ,R,af\\L aa ({o,i),dnu) - C^ 2( ' y+1)/p ll/lliP'° c ((o,i) : d A1 „) 
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for any / <G i 1 ((0, 1), dfi v ). Now, since T rt R tCt f(x) — f(x) for a linear combination 
of the functions {ipj}i<j<N(R), the proof is complete. □ 
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